1. Introduction.-If V is a non-singular (irreducible) algebraic surface, we can define its "good Betti numbers" in the following way. We take both Bo and B4 to be equal to 1. Also, we takeBo and B3 to be the twice of the dimension of the Picard variety of V. Finally, we define B2 so that we get i(-1)Bi~= x (= Euler number of V).
The definition is not vacuous, because x has an independent meaning. In fact x -4 is known as Zeuthen-Segre's invariant of V.I We observe, however, that this definition leaves uncertain whether B2 is positive or not. In this short note, we shall outline a proof of the theorem stating that our two-dimensional Betti number B2 is at least equal to the Picard number p of V. This fact can be looked upon as giving a precise upper bound to the Picard number. It might be worthwhile to investigate the possibility of applying our method to absolute surfaces in connection with the rank problem of elliptic curves or, more generally, of Abelian varieties. 2. Preliminary Observations.-Let w be a linear differential on V different from 0. Then, we can associate an 0-cycle <w> = 2pev mp(w) P to co in the following way. We take local parameters ti, t2 of V at P and we write w in the form f * (hidt, + h2dt2) by three functions f, hi, h2 on V such that hi, h2 are holomorphic and have no zero curve in common at P. Then, the multiplicity of P in the intersection of divisors (hi), (h2) of hi, h2 depends only on P and a. This we take as mp(co). On the other hand, let Q be a double differential on V different from 0. We shall use the standard notation (X), (Q) to denote divisors of the differentials w, Q. Then, we can consider <w> + (co) * (2) -(w) (w) as defining a rational equivalence class on V.2 The point is that this class is intrinsic, i.e., it does not depend on the choice of X and U. The proof is left to the reader. Actually, we can show that this class is the second canonical class of V. At any rate, if we take its degree, i.e., if we pass to algebraic equivalence, we get a relative invariant X. There is a classical way of calculating this number.
We have shown elsewhere' that we can find a function f on V with values in a numerical straight-line D such that (i) every fiber C. = f-'(u) is absolutely irre- We need another observation. Let k be an arbitrary algebraically closed field of definition of V and f. Let u be a generic point of D over k and let J be the Jacobian variety of C. defined over k(u). Since the bj's are rational over k, we can normalize the canonical function sp so that we have <p(b) = 0 for b = b1 say. We shall denote by M the group of rational points of J with reference to k(u). The group M contains a subgroup N defined in the following way. Let X be a divisor of V which is algebraically equivalent to zero. If X is rational over k, the image point in J of the intersection X Cu is an element of M. The group N consists of elements of this nature. We note that N can be considered as the group of rational points over k of the Picard variety of V. In particular, it is divisible.4 Therefore, we have the splitting M = N X (M/N) and, by N6ron's result,5 the factor group M/N is finitely generated. Moreover, the rank of its free part is equal to p + /3 -2. In fact, let V* be the graph in the product V X D of the function f. Then V* is a quadratic transform of V centered at bl,. . ., be. In particular, it is non-singular and the Picard number is p + f3. Let X* be a divisor of V* rational over k such that the intersection X* * (Cu X u) = 2fni(Pi X u) is of degree zero.
Then, we have (p(X*) = 2fniep(Pi) = 0 if and only if X* is linearly equivalent on V* to an integer multiple of Cb X b. Moreover, every element of M can be written in the form sp(X*). Therefore, the rank of the free part of M/N is equal to the Picard number of V* -2, which is (p + (3) -2 as asserted. Now, let vj be the group of vanishing points which correspond to the inertia group generated by vi. It is a cyclic subgroup of pJ of order p and, if x is an arbitrary element of L, we know that x -ix is in vs. Let (xy) --e(x,y) be the skew-symmetric non-degenerate bilinear form defined on pJ with values in the cyclic group of pth roots of unity.8 If p is not in a possible finite set of prime numbers, the induced bilinear form on pN is also non-degenerate. We shall, then, show that an element y of ,J for which e(x,y) = 1 for all x in the group generated by pN and v1,. . ., Va is 0, i.e., these subgroups generate the whole pJ. Let z be an arbitrary element of pJ. Then, we have e(z -aiz,y) = 1 for i = 1,..., a, hence e(z -az,y) = 1 for every a in G. However, this implies e(z, F-ly -y) e(az -z,y) = 1, hence a-ly = y. Therefore, y is in pJ n M = pN. Since e(x,y) 1 also for all x in pN, we get y = 0 as asserted. These being remarked, we consider the following exact sequence of G-modules:
Then, we get an exact sequence M M -o H'(G,,J) in which the first homo-
